We use the intrinsic geometrical characteristics of space curves, i.e. curvature and torsion, to describe the paths of particles passively advected in a turbulent flow. We find that curvature increases with the Reynolds number and that the maxima in vorticity and curvature times local velocity are linearly correlated. Fluctuations around the maximal values in runs at a fixed Reynolds number are only weakly correlated, and the distributions are fairly wide, so that it is not possible to conclude that a tightly wound spiral has to correspond to a region of high vorticity.
Introduction
Optical and acoustical techniques now allow the tracking of isolated particles in turbulent flows with a time and space resolution that reaches all the way down to the Kolmogorov scales [1] [2] [3] [4] [5] . Numerical differentiation of these trajectories gives information about the Lagrangian velocity and acceleration of the particles [1] [2] [3] [4] [5] [6] , and the data have raised many interesting questions about the statistical properties of these quantities [10, 11] . The tracking of several particles and their mutual relation is of interest for pair dispersion [1, 12] and understanding of anomalies in the structure functions [13, 14] . Velocity information from several particles can also be used to obtain information about spatial variations and gradients [15] . The path of a particle also defines a curve in 3D space, and the intrinsic geometric characterization of these curves calls for the determination of curvature and torsion.The prototypical space curve is a spiral, and the association with swirling around a vortex already suggests that curvature and torsion contain information about vorticity, i.e. spatial gradients, and that perhaps regions with high curvature are in intense vorticity regions. In the following, we will explore this relation between the space curve characteristics curvature and torsion and flow properties such as vorticity and dissipation, in order to probe the correlation between spirals and vorticity and to relate the gradients in the curves to statistical small-scale quantities. Eventually, such relations may be relevant for the intermittent behaviour in turbulent flows [16] .
After a summary of the basic features in section 2, we turn to a discussion of the flow properties in a stationary ABC flow (section 3), followed by the analysis of numerical data from turbulent DNS in section 4. We conclude with a summary in section 5.
Basics
With u(x, t) the velocity field at position x and time t, the equation of motion for a passively advected particle isẋ P = u(x P , t). For the evaluation of geometrical properties, we need the total change in velocities,
We can now introduce the set of accompanying tangent, normal and bi-normal vectors (see figure 1 ). The tangential vector is defined as the derivative with respect to the path length s of the curve:
The normal vector points in the direction of the acceleration perpendicular to the tangential:
with the curvature
where here the dot denotes the total time derivative (1). The set is completed with the bi-normal vector, which is perpendicular to the tangential and normal vector:
The change of all three vectors along a trajectory is described by Frenet's formulae:
t n b Figure 1 . A space curve and the tangential vector t, the normal vector n pointing towards the centre of a spiral and the bi-normal vector b, perpendicular to both t and n.
The scalar parameters are the curvature, either calculated from (6) or from
and the torsion τ ,
The curvature radius and torsion radius are related to curvature and torsion according to
To illustrate the meaning of these quantities, consider the spiral
as a normal form for a curve with constant curvature and torsion. Then
and the parameters of the spiral can be recovered as
Thus, the curvature and torsion can be used to find a spiral as a local approximation to any space curve. In addition to the intrinsic geometric parameters, we can also introduce uκ (with u ≡ |u|), the angular velocity on the tangential circle. It is different from the angular velocity in the spiral because of the tilt of the tangential circle relative to the axis of the spiral: the equations for the spiral (14) show that is the angular speed in the projection on the base plane, perpendicular to the axis. We will refer to uκ as the curvature angular velocity.
For completeness, we note that a parametrization of the spiral locally approximating a trajectory passing through r(t 0 ) at time t 0 is given by
where t = t − t 0 . The unit vectorâ = C a n × (dn/ds) (with C a a suitable normalization factor) points along the axis of the spiral. Note that the vorticity of the velocity field that generates the curve points along the axis of the spiral, curl u = (0, 0, 2 ).
In order to see the relation between the curvature and torsion and derivatives of the velocity field, we consider a stationary velocity field. A linear expansion of the velocity field around the point x then gives an overall translation with velocity u 0 (x) and in the neighbourhood a variation L · dx with the shear matrix L = ∂ i u j . Decomposing the local shear into a symmetric
and
For a coordinate system with the main velocity along the x-direction, u 0 (x) = |u 0 (x)|e 1 , the curvature and torsion only depend on transverse shear components,
Note that while (20) contains only combinations of S and A as they arise in single offdiagonal components of the shear matrix, (21) also contains the symmetric combinations (in the second term). For a time-dependent flow, additional components need to be considered; substituting the time change of the velocity field for the Lagrangian acceleration, we obtain
The significance of the partial time derivative will be shown below.
Steady ABC flow
As a step towards the turbulent situation, we consider trajectories in a steady flow with nontrivial streamlines. The flow is modelled after the classical ABC flow [17] , except that bounding surface in the x-direction is introduced in order to model shear flows. The velocity field is
with constant amplitudes A, B and C. Incompressibility is ascertained by the representation as a curl of a vector field. A distribution of trajectory segments is shown in figure 2 . Histograms of the curvature and torsion for these trajectory segments are shown in figure 3 The ones for the curvature show a maximum near κ ∼ 1, a rapid drop off for larger values, and a slower one towards zero. The distribution for the torsion is fairly flat for small values and drops off rapidly for values in excess of about 1.
The representation of the curvature (20) actually suggests that the distribution has a linear increase for small values. For if ξ 2 and ξ 3 denote the combinations S 2 − A 2 and S 3 − A 3 , normalised by the velocities, respectively, then the distribution for the curvature can be obtained from their distributions via Introducing polar coordinates, ξ 2 = ξ cos φ and ξ 3 = ξ sin φ, the representation becomes
Hence, unless P(ξ 2 , ξ 3 ) vanishes for arguments approaching zero, the linear factor of κ will dominate the small κ behaviour.
Turbulent flows
In the laminar ABC flow, the length scales are determined by the vortices. In a turbulent flow they are determined by the scales of turbulent flows, down to the Kolmogorov scales [18] . Since the curvature depends on (a subset of) the gradients of the velocity field, and since the gradients also enter the dissipation, one may expect some correlation between the dissipation and curvature of the Lagrangian paths. In particular, we want to study a relation between curvature and the local one point dissipation, (
We study this relation for data from a direct numerical simulation (DNS). The relevant statistics was collected in DNS of the Navier-Stokes equations on a fully periodic, cubic domain, at a resolution of 128 3 points. A standard, fully dealiased pseudo-spectral code was used [16, 19] , in which a second-order Runge-Kutta scheme is implemented for time advancement. The large-scale energy input was provided by fixing the energy content of the first two Fourier shells [20] . Particle velocities for the Lagrangian integration were obtained by interpolation of the on-grid values by means of a third-order polynomial algorithm. From the Navier-Stokes equation, the total time derivative (1) is determined by the pressure, the viscosity term and volume forces driving the flow,
Particle accelerations were determined by interpolation of the above quantities, while second derivatives were computed by centred finite differences of acceleration along the trajectories.
As expected for developed turbulence [7, 10, 21] , the main contribution to the total time derivative was found to be due to the pressure term. Simulations were carried out at different Reynolds numbers. To begin, we focus on a run at Re λ = 95 (see table 1 ). For dimensional reasons, the quantity most directly related to energy dissipation is uκ, with u ≡ |u|. The distributions of κ and uκ are shown in figure 4 . The curvature probability density function (pdf) exhibits a power-law behaviour for both large and small arguments. For small arguments, it is close to linear. The reasoning advanced in the last section around (25) is not directly applicable because of the contributions from the explicit time derivative. However, this difference only seems to be relevant for larger values of the curvature: if the explicit time dependence is omitted, and only the variations from the advective part are kept, as reflected in the definition of an advective curvature uκ ∇ = |u × u · ∇u|/|u| 2 , one finds that the probability distribution of this quantity is similar for small curvatures only (figure 4, right). For larger arguments, the pdf for the curvature κ decays with an exponent of −2.5, while that for the curvature angular velocity uκ decays more quickly, with an exponent of −4. Here, the contribution from the time derivative is significant, for the decay of the advective derivative is more compatible with a stretched exponential, rather than an algebraic decay.
The relation between the curvature and dissipation is studied further in table 2 and figure 5. Figure 5 shows the joint pdf for curvature and dissipation as well as the joint pdf between the curvature angular velocity and the dissipation. There is a clear maximum, which may be used to relate mean curvature and mean dissipation. The logarithmic representation emphasises the tails in the distribution, and the linear one shows that the fluctuations around the maximum are large. The contour lines around the maximum are fairly round and not elongated much along the diagonal, reminiscent of the pdf that could be obtained from a product of two independent pdfs with a single maximum. Indeed, the correlation coefficient in table 2 does not exceed values of 0.3, indicating a weak correlation only. This implies that, for trajectories collected at fixed R λ , it is not possible to conclude from the observation of a tightly wound spiral (large κ) that it is passing through a region of high dissipation.
As an aside, we note that the joint distribution between the dissipation and the square of the curvature angular velocity uκ does not show a pointed maximum as in figure 5 . The reason lies in the behaviour of probability distributions under transformations: going from x to y = x 2 , the distribution becomes P(y) = p( √ y)/(2 √ y). Together with the linear behaviour for small curvatures, the distribution in (uκ) 2 becomes flat for small curvatures. To study the relation of the local path geometry to vorticity, we analyse the correlations between the absolute value of the vorticity ω = |ω| = |curl u| and the curvature angular velocity uκ, see figure 6 . The joint pdf is fairly wide, but there is a clear maximum and the correlation coefficient is acceptable with 0.37. The logarithmic presentation highlights the wide tails and the small-scale contributions. Other measures of vorticity and the curvature of the trajectory do not seem to provide stronger correlations. For instance, if the angular velocity of the spiral is determined from curvature and torsion as in (2) , then slowly decaying algebraic tails in the torsion prevent the determination of the second moment and hence the correlation coefficient. Projecting the vorticity on the axis of the spiral introduces an ambiguity in the sign, which emphasises the region of small vorticity. A priori, neither measure is singled out compared to others, since the details of the particle paths do not only depend on the velocity field, but also on the initial conditions with which the particles enter the region of the vortex.
All the preceding diagrams were for a run at a single Reynolds number, Re λ = 95. Varying the Reynolds number results in a change in small-scale statistics, since the dissipative range is more extended for lower Re λ . A change is therefore expected also in the statistics of curvature. To investigate this point, we performed further simulations with varying kinematic viscosity. 
This confirms the expectation that the curvature, in the particular combination of velocity times curvature, can be used to extract information about gradients, in this case the most likely value of the angular momentum. Thus, while there are only weak correlations between uκ and ω at fixed R λ , there is a clear scaling of the maxima in the joint pdf with R λ . 
Final remarks
The study has shown that in particular the curvature of the particle paths can be used to extract statistical information about velocity gradients from a single trajectory. The relation between the curvature of a trajectory and the presence of a strong vorticity is one of maximal likelihood (the joint pdf has a maximum there), and there is a systematic variation in the position of the maximum with the Reynolds number, leading to a linear relation between the curvature angular momentum uκ and the local angular momentum ω. However, at fixed Reynolds numbers the fluctuations around the maximum are large, and the correlations between local and instantaneous values of uκ and ω are weak.
